In this paper we give sufficient conditions for a free product of residually finite groups to admit an embeddable box space. This generalizes the constructions of Arzhantseva, Guentner and Spakula in [2] and gives a new class of non-amenable metric spaces with bounded geometry which coarsely embeds into Hilbert space.
Introduction
The concept of coarse embedding of a metric space into another was inspired by Gromov's work [12] in relation with the Novikov conjecture on the homotopy invariance of higher signatures for closed manifolds : Definition 1. Let (X, d X ) and (Y, d Y ) be two metric spaces. We say that X coarsely embeds into Y if, there exist a map F : X → Y and two proper functions ρ ± : R + → R + such that:
for all x, x ′ ∈ X.
This tells us that two points are far from each other in X if and only if they are far in F (X).
This geometric notion was related by Yu [21] to the coarse Baum-Connes conjecture and in the case of Cayley graphs of groups to the Novikov conjecture. In that remarkable paper the author introduced a notion of amenability for metric spaces, called property (A), which implies coarse embedding into Hilbert spaces: Definition 2. A discrete metric space (X, d) with bounded geometry has property (A) if and only if for every R > 0 and ε > 0, there exist S > 0 and a function φ : X → ℓ 2 (X) with φ(x) = 1 for any x ∈ X such that:
(1) for any x 1 , x 2 ∈ X with d(x 1 , x 2 ) ≤ R, |1 − φ(x 1 ), φ(x 2 ) | ≤ ε, and (2) for any x ∈ X, {φ(x) = 0} ⊂ B S (x).
Note that this definition of property (A) is not the original but an equivalent one for metric spaces with bounded geometry. Definition 2 can be compared to the following notion of amenability for discrete countable groups: Definition 3. A discrete group G with a proper length function ℓ is amenable if and only if for every R > 0 and ε > 0, there exists a function ξ ∈ ℓ 2 (G) with ξ = 1 such that for all g ∈ B(e, R), λ(g)ξ − ξ ≤ ε where λ : G → ℓ 2 (G) is the left regular representation.
Indeed, for given ε > 0 and R > 0, the map φ(g) = λ(g)ξ verifies the conditions of Definition 2 and so property (A) can be thought as a non-equivariant notion of amenability. Actually property (A) can be characterized by the amenability of a certain groupoïd associated to the given metric space, called translation groupoïd (cf. [19] ).
Numbers of coarse properties imply property (A) and make it, in some situations, easier to check than coarse embeddability. For example: any metric space of finite asymptotic dimension [10] , as hyperbolic spaces [17] , has property (A).
In the same way, coarse embeddability of a metric space into a Hilbert space can also be identified to a weaker notion of amenability, called a-T-menability. Indeed, a metric space coarsely embeds into Hilbert space if and only if its translation groupoïd is a-T-menable [19] . Let us recall the definition of a-T-menability in the group setting for the sake of simplicity:
Definition 4. A discrete countable group G is a-T-menable if it acts properly on a Hilbert space by isometries.
In group theory it is well known that the free group of rank 2 is an example of finitely generated non-amenable but a-T-menable group. In the case of metric spaces with bounded geometry, find a metric space without (A) but still embeddable into a Hilbert space was a crucial question answered in [2] . In that paper the authors exhibited a box space (cf. below) associated to the rank 2 free group which embeds and use a girth criterion to justify that it does not have property (A) [20] .
Before we introduce box spaces we must talk about coarse disjoint union of metric spaces. Let N be the set of integers that we endow with a far away distance d f.a given by the formula d f.a (n, m) = |2 n − 2 m |. The important aspect of d f.a is that in the neighborhoods of the infinity the points of N are arbitrarily far away from each other. Indeed d f.a (n, m) ≥ 2 max(n,m)−1 for all n, m ∈ N with n = m and so d f.a (n, m) → ∞ when n + m → ∞ with n = m. Definition 5. Let ((X n , d n )) n be a sequence of metric spaces. The coarse disjoint union (⊔ n X n , d) is the unique metric space (X, d) up to coarse equivalence such that:
(1) there exist a map p : X → N and a proper function ρ : R + → R + such that p −1 (n) is isometric to X n for all n and d f.a (p(x), p(y)) ≤ ρ(d(x, y)) for all x, y ∈ X.
(2) For all R > 0, U n,m = {x ∈ X n | d(x, X m ) ≤ R} is a bounded set of X n for all n, m.
As it is explained in Section 3 there is a correspondence between sequence of metric spaces with their arrows (cf. Definition 10) and coarse disjoint union (X, d, p, ρ) with classical coarse arrows that commute with the map p.
Let G be a discrete residually finite group endowed with a proper length ℓ and N = (N n ) n a sequence of finite index normal subgroups with trivial intersection. Box spaces are defined up to coarse equivalence and by Proposition 4 and Corollary 1 they do not depend on the choice of ℓ.
One of the key points in box space theory is that geometric properties on a group box space translate to analytic/harmonic properties on this group: G is amenable ⇐⇒ N G has property A,
(1) G is a-T-menable ⇐= N G is coarsely embeddable into a Hilbert space, (2) G has property (T) =⇒ N G is an expander.
The Proofs of the first two facts can be found in [16] and the third in [15] . Recall that property (T) is a strong negation of a-T-menability in the following sense:
Definition 7. A discret countable group G has property (T) if any isometric action of G on a Hilbert space has a fixed point.
Analogously to the relation between property (T) and a-T-menability, the notion of expansion, mentioned in the correspondance (3) and explained in Section 5, is an obstruction to coarse embeddability of a given metric space into Hilbert space (cf. [13] and [15] for more about expansion). Let us mention that in some sense the converse of the correspondence (2) exists. A generalized notion of coarse embedding called fibered coarse embedding was introduced in [7] . Since certain expander sequences can admit such kind of embedding, it appears to be strictly weaker than the original notion of coarse embedding. The strength of this generalization is that it can be associated to any geometric action of a residually finite group on a metric space. Moreover, in the context of L p spaces, there is an equivalence between the existence of a proper action on a L p space and existence of a fibered coarse embedding of its box space into it [1] .
In this paper we investigate finite quotients of free products. Let's consider A and B two discrete residually finite groups that we suppose to be finitely generated. Let G = A ⋆ B be their free product (which is residually finite cf. [4] ) and ℓ a proper length on G. The main result of this paper is: Theorem 1. If A and B are amenable, then G admits a box space which coarsely embeds into Hilbert space.
In other words, as we use this terminology in the rest, G has a faithful sequence of finite quotients which coarsely embeds into Hilbert space (cf. Lemma 2). Definition 8. Let G be a residually finite group. A infinite sequence of (right) quotient (Q n ) n of G is called faithful if any element of G acts non-trivially by left translation on all but a finite number of these quotients.
Since G is non-amenable when |A|, |B| ≥ 3, Theorem 1 and the box space correspondence (1) described before gives us a new class of non-amenable metric spaces with bounded geometry which coarsely embeds into Hilbert space. Moreover, correspondence (2) combined with our result give another proof with a different flavor of the well known result:
Theorem. Let A and B be two discrete countable amenable groups. Then their free product G = A ⋆ B is a-T-menable [8] .
We are also interested by what can be done beyond the free product of amenable groups case. Given a free product G = A ⋆ B, a necessary condition for it to admit an embeddable box space is that its factors A and B admit such box spaces (cf Proposition 6). So a natural question is: does the free product of discrete residually finite groups which have an embeddable box space have itself such an embeddable box space? It is not clear if our method can be adapted to treat this situation. As it is explained in the Outline, a part of our approach uses an amenable extension type result adapted to spaces obtained as coarse disjoint union. But even in the context of classical metric spaces we cannot expect, in full generality, that an extension of embeddable spaces to be itself embeddable (cf. [3] ). However we have the following partial answer: Let A, B and G as above. We assume that A and B are both finitely generated and we fix a finite generating set S ⊂ G of G. Proposition 1. If A and B have an embeddable box space then G has a faithful sequence of irreducible symmetric representations (σ n : G → Sym(X n )) n such that the coarse disjoint union of Schreier graphs ⊔ n Sch S (X n ) coarsely embeds into Hilbert space.
As explained in Section 5 such symmetric representations are nothing but quotients induced by non-necessary normal subgroups.
Even if sequences of symmetric representations still preserve the direct arrow of correspondence (1) and the implication (3). We have to keep in Definition 6 of a box space the assumption that the sequence of subgroups we consider are normal to preserve some part of the correspondences described before. Indeed the following result, proven in Section 5, shows that considering symmetric representations instead of finite quotients breaks the correspondence (1): Proposition 2. Let F 2 be the free group of rank 2. There exists a faithful sequence of symmetric representations (σ n : F 2 → Sym(X n )) n of F 2 such that the sequence of Schreier graphs ⊔ n Sch(X n ) has property (A).
Our investigation on free products was motived by the following observation: Consider a free product G = A ⋆ B. G acts without bounded orbits on a tree (cf. [18] and Section 4) and so does not have property (T) [5] . This finds an analogue at finite scale in box space theory: Proposition 3. Let A, B be two residually finite groups and G = A ⋆ B their free product. Then G has a non-expander box space.
In other words, we cannot expect a free product with property (τ ) [13] even if both of its factors has property (T). The proof, given in Section 5, uses only elementary considerations but as far as we know has never been written.
We finish this introduction by a question. It deserves to be noted that all known examples of non-amenable embeddable metric spaces come from groups which admit (or contain a large subgroup who does) an action without bounded orbits on a tree. Can we find an example of embeddable non-amenable box space coming from a group with property (FA) [5] ? Recall that a group has property (FA) if all of its actions on a tree have a fixed point.
Outline
Here we explain the idea behind the proof of Theorem 1 and detail the structure of this paper.
Let us start with the classic case of discrete metric spaces. We consider the free product of two amenable groups G = A ⋆ B endowed with a proper length function ℓ. The group G can be described as an extension of the direct product A × B by a free subgroup D (cf. Lemma 3):
At first look this exact sequence is only algebraic and apriori does not give any information on the geometry of (G, ℓ). Now if we endow D with the restricted length ℓ| D and A × B with the quotient length ℓ induced by ℓ. Some aspects of the coarse geometry of (G, ℓ) as uniform embeddability can be understood through the geometry of (D, ℓ| D ) and (A × B, ℓ). Indeed, if A, B and so A × B are amenable, they have property (A) as metric groups with respect to any proper length and by a theorem of [9] the coarse embedding of (G, ℓ), can be reduced to the coarse embedding of (D, ℓ| D ). Moreover since proper length functions on a given group are unique up to coarse equivalence. The length function ℓ| D on D can be replaced by any other proper length function. So a trick to prove the uniform embedding of D ≃ F ∞ endowed with ℓ| D is to realize it as a subgroup of the rank 2 free group F 2 endowed with a word metric on a basis for which it is known that an uniform embedding exists (cf. [6] ) and then use the uniqueness up to coarse equivalence of proper lengths on F ∞ to conclude. Note that as soon as G is non-trivial and A or B has infinite cardinality, D has infinite rank (cf. Proposition 7) and so the class of proper length on D are not the natural one. In particular ℓ| D cannot be replaced by a word length on a generating of D, since the latter distance is not proper on the infinite rank free group.
Our approach, under the assumption that A and B are residually finite, is to do something similar at finite scale. Let A and B be two finite quotients of respectively A and B. We denote G = A ⋆ B the free product of these two groups. Then the following commutative diagram holds:
where the free subgroup D ′ has, this time, finite rank (cf. Lemma 3). Our prototype of finite quotients has the form G/H where H D ′ is a finite index normal subgroup of D ′ . In particular G/H appears as an extension of A × B by a large girth subgroup D ′ /H. This process, which is detailed in Section 4, gives faithful sequence under reasonable assumptions on the choice of the A, B and H. Now, let (G n ) n be a faithful sequence of finite quotients of G built as described before. We endow each G n with the quotient length induced by ℓ that we denote the same way. Here we assume that G n is an extension of a direct product A n × B n of finite quotients of A and B by a subgroup of large girth D n . As in the classic case, our approach is to reduce the coarse geometry of the metric space ⊔ n (G n , ℓ) to the geometry of ⊔ n (D n , ℓ| Dn ) and ⊔ n (A n × B n , ℓ). The first step is to reduce the proof of Theorem 1 to the uniform embedding of the sequence ⊔ n (D n , ℓ| Dn ) (cf. Theorem 2) under the assumption that A and B are amenable. This is done in Subsection 4.1 where we develop gluing techniques inspired by [10] for metric spaces obtained as coarse disjoint union.
The second step of the proof which concerns the uniform embedding of the space ⊔ n (D n , ℓ| Dn ) is a bit more delicate. Indeed if we refer to the preceding notations, we have to do a suitable choice of the H's inside of the D ′ 's to ensure the uniform embedding of ⊔ n (D n , ℓ| Dn ). The difficulty here is that the proper lengths on the D n 's do not correspond to the natural class of length we would like to consider on them as soon as G is non-trivial and A or B has infinite cardinality, if we refer to our remark on the classic case. To solve this part we compare the sequence ((D n , ℓ| Dn )) n to the one obtained by taking of each D n the quotient length induced by D endowed with a word length on a suitable basis (cf. Proposition 7). We call this new sequence the combinatorial sequence. Note that, this procedure is not free. Indeed, the compression function ρ n,− of (D n , ℓ| Dn ) → (D n , ℓ Comb ) (cf. Section 3) can be estimated at every stage n and verifies |A n | + |B n | ≤ ρ n,− (1). This inequality tells us, as suspected, that these two sequences of metric spaces are non-equivalent to each other if G is non-trivial and A or B has infinite cardinality. In spite of this, some local comparison is possible and this is enough to conclude. Let us explain it in the classic case: Let F(S) be the free on an infinite countable set S endowed with a proper length ℓ and
Since F k embeds uniformly a direct limit argument can be applied to prove that F(S) uniformly embeds too (cf. [9] ).
An investigation of the geometry of D allows us to build a sequence (X k ) k inside of ⊔ n D n which plays a role similar to F k in the classic case. The fundamental point is that each X k can be compared, with controlled compression and dilatation function, to its combinatorial version on all fibers of ⊔ n D n except a finite number of them, in other words the two metric structures on X k match at infinity (cf. Corollary 4). As a consequence it appears that the uniform embedding of ⊔ n (D n , ℓ| Dn ) is implied by the uniform embedding of its combinatorial version. This is explained in Subsection 4.2 where we introduce a direct limit formalism and establish a stability result for coarse disjoint unions of groups (cf. Proposition 11). So to conclude Theorem 1 proof it is enough to treat the combinatorial case. But the uniform embedding problem in this case can be solved by a slight modification of [2] arguments (cf. Proposition 12). This paper is organized as follows: we start with Section 3 where we introduce general results and terminologies that we need in the rest. Section 4 is devoted to the proof of Theorem 1. We finish with Section 5 where we prove the Proposition 1, 2 and 3.
Basics
In this section we expose generalities on metric groups and spaces.
First, let us briefly recall terminologies and constructions about length functions. Here G is a discrete countable group.
Definition 9.
A length function ℓ : G → R + on G is a function which satisfies:
We say that ℓ is proper if for any
Given a length ℓ on G, we associate a left-invariant metric d by the formula
is a length function on G. In the rest we pass to one to the other without distinction.
Let H G be a normal subgroup of G and ℓ a proper length function on G. The quotient length on Q = G/H induced by ℓ is defined by the formula: ℓ Q (g) = inf h∈H ℓ(gh) where g ∈ Q is the class of an element g ∈ G.
Since H is normal it is routine to prove that conditions (1) and (2) of Definition 9 are verified. Note that there is no natural way to build a distance on a G-homogeneous space in full generality. Since ℓ is proper, for all ε > 0, the set of h ∈ H such that ℓ(gh) ≤ ℓ Q (g) + ε is finite. This ensures that we can find h 0 such that ℓ Q (g) = ℓ(gh 0 ) and so for any g ∈ Q, ℓ Q (g) = 0 implies that g ∈ H. Condition (3) is verified. Another consequence is that for any R ≥ 0, π(B G (g, R)) = B Q (g, R) where π is the quotient map. This set equality ensures that ℓ Q is proper.
Given a symmetric generating set S ⊂ G, the word length on G, ℓ : G → R + , associated to S is defined by: ℓ(a) = inf{n | a = a 1 . . . a n , with a i ∈ S} for a = 0 and ℓ(e) = 0. It appears that when S is finite, the length ℓ is proper. In the case of free groups we assume this generating set to be a basis [14] .
Note that, concerning the coarse geometry of a locally finite metric group the choice of the proper length is not matter as the following proposition shows. Proof. Let's define ρ − (t) = inf {g|ℓ 1 (g)≥t} ℓ 2 (g) and ρ + (t) = sup {g|ℓ 1 (g)≤t} ℓ 2 (g) which are well defined because of the properness assumption on ℓ 1 . These two increasing functions are called respectively compression and dilatation. They verify the following inequalities:
for any g, h ∈ G. Moreover, they are respectively the largest and smalest control function such that the above inequalities hold. Actually, coarse embeddability of a space into another is equivalent to the existence and properness of ρ ± . Using their definitions, in order to verify that ρ − (respectively, ρ + ) is proper, it is enough to prove that, for all R > 0, there exists
But since ℓ 2 (respectively, ℓ 1 ) is proper and G is discrete, the set {g | ℓ 2 (g) ≤ R} (respectively, {g | ℓ 1 (g) ≤ R}) is finite and thus any bound of ℓ 1 (respectively, ℓ 2 ) on this set do the job.
Let's introduce some terminologies and results about sequences of metric spaces.
Yn )) n be two metric space sequences. We say X coarsely embeds in Y if there exists a sequence of maps F = (F n : X n → Y n ) n and two proper functions ρ ± :
for any n and
for any n, we say that F is a coarse equivalence or X and Y are coarsely equivalent.
In this paper we consider principally embeddings of sequences of metric spaces into Hilbert space, when there no confusion we just say that the sequence coarsely embeds. Lemma 1. Let H n be a sequence of Hilbert spaces. The space ⊔ n H n coarsely embeds into Hilbert space.
Proof. Let's denote X = ⊔ n H n the coarse disjoint union of (H n ) n and ρ, p are as in Definition 5. We consider H = n H n ⊕ C and define the map F : X → H given by the formula:
n . We have that:
Now, let's consider
and
, respectively, the compression and dilatation functions. By considering separately the case n = m and n = m, the formula (4) implies that, for all R ≥ 0, there exists
The following inequalities imply the properness of ρ + :
The following lemma allows us to pass to a language to another concerning embeddings of sequences of metric spaces.
Lemma 2. Let X = (X n ) n be a sequence of metric spaces. The following are equivalent:
(1) ⊔ n X n coarsely embeds into Hilbert space.
(2) There exist a sequence of maps F = (F n : X n → H n ) n where H n denote a Hilbert space and two proper functions ρ ± : R + → R + , such that:
for all n and x, x ′ ∈ X n . In other words, X coarsely embeds into Hilbert spaces.
(3) For all R > 0 and ε > 0, there exists a sequence (ϕ n ) n of maps ϕ n : X n → H n with H n a Hilbert space, such that ϕ n (x) = 1 and:
Proof. (1) implies (2): This is because X n embeds isometrically into ⊔ n X n .
(2) implies (1): Let F , ρ ± be as in (2) and
Let's fix x 0,n ∈ X n for all n. We may assume that ρ X = ρ H = ρ (otherwise we take the infimum). We have the following inequalities hold:
for all x n , x ′ n ∈ H n and x m ∈ H m . Let's prove the properness of the dilatation function (the proof for the compression follows the same scheme).
Otherwise n = m so by inequalities (5) n, m ≤ N where N depends on R and the part (2) of Definition 5 ensures that
In other words the dilatation function is proper. We use the Lemma 1 to conclude. (2) implies (3): Take a vector ξ in a Hilbert space H, then exp(ξ) = k≥0
⊗k has a sense and exp(ξ)| exp(ξ ′ ) = e ξ|ξ ′ for any ξ, ξ ′ ∈ H. Now let's consider F and ρ ± as in (2) and define
This relation implies, for any t > 0, ϕ t n (x) = 1 and :
for any x, y ∈ X n . Since ρ + is proper, given ε > 0 we can find t 0 > 0 such that
, for any r ≤ R. For such choice of parameter t, part (i) of (3) holds with ϕ t 0 n . Furthermore because of the properness of ρ − , condition (ii) of (3) is verified for any parameter t fixed. So the implication is proven.
(3) implies (2): Let's take ε l = 1/l and
′ ) ≥ M l that we can assume to be an increasing sequence which goes to infinity. We fix a point x 0 n ∈ X n for any n and define F n :
for any n and x, x ′ ∈ X n with ρ − =
We have:
Similarly if we take l such that
The next proposition can be view as coarse analogue of the fundamental theorem of geometric group theory [11] for box spaces. It finds, in others, applications in the proof of Theorem 3 (cf Section 5) which is the cornerstone of Proposition 1 and 2 but also in Corollary 5 which is an important part of Theorem 1 proof.
Proposition 5. Let G be a discrete countable group with a proper left-invariant distance d. Let X be a proper metric on which G acts freely and geometrically (i.e. properly discontinuously by isometries) and f
: G → X a G-equivariant coarse em- bedding. If N = (N n ) n is a
sequence of normal subgroups of G with trivial intersection, then the sequence of metric groups
If moreover f is a coarse equivalence, then (G/N n ) n and X are coarsely equivalent.
Proof. Let G, X, d, f and N be as in the statement. Let ρ ± be the two proper functions, that we may assume increasing, such that:
Since f is G-equivariant, for any g ∈ G, f (g) = g.x 0 with x 0 = f (e). Moreover f induces a sequence of maps f n : G/N n → X n (since N n G is normal, gN n = N n g for any g ∈ N n ) which is nothing but the well defined map f n (x) = f (x). The distance d X,n on X/N n is given by the formula
0 ) and denote ℓ n the quotient length induced by d on G/N n . Since G acts isometrically it is enough for our purpose to prove the existence of two proper functions ρ ′ ± such that:
for any n and g ∈ G/N n . Let's prove the left side of the inequality (7). Because ρ − is proper and does not depend on n, for any R > 0, g ∈ G with ℓ x 0 ,n (g) ≤ R and ε > 0, there exists R ′ independent of n such that: any h ∈ N n with
is contained in a ball with center g −1 and radius R ′ which is a finite set since ℓ is proper. In particular for such h ∈ N n , ℓ n (g) ≤ ℓ(gh) ≤ R ′ . In other words, for any R > 0, there exists R ′ > 0 such that for any n,
For the right side of inequality (7) we do something similar. Since ℓ is proper, there exists h 0 ∈ N n such that, ℓ n (g) = ℓ(gh 0 ) and so
The second part of the proposition is because the R-density of f (G) ⊂ X is preserved by taking quotient.
Here are some consequences of Proposition 5. Proof. We apply proposition 5 to the identity map Id : (G, ℓ 1 ) → (G, ℓ 2 ) which is a G-equivariant coarse equivalence by Proposition 4. Proof. Let's fix a proper length ℓ on G. The inclusion map Id| H : (H, ℓ| H ) → (G, ℓ) is a H-equivariant isometry so Proposition 5 can apply (remember that, ℓ| H is equivalent to any other proper length on H by Proposition 4).
As in the classical case, we have heredity on the uniform embedding of box spaces. Proof. N ∩ H = (H ∩ N n ) n defines a sequence of finite index normal subgroups of H with trivial intersection. If we endow H with the restriction of a given proper length ℓ on G then N ∩H H embeds isometrically into N G.
Finite quotients of a free product
This section, devoted to the proof of Theorem 1, is organized as follows: We start by a succinct introduction to Bass-Serre theory [18] that we need in the rest and which allows us to formulate and prove the Proposition 7.
After that we present a process to obtain faithful sequences of finite quotients of a given free product of residually finite groups with an interesting decomposition property. As mentioned in the outline, this construction and the sequences that it produces are in the heart of the proof of Theorem 1. In Subsection 4.1 we introduce gluing techniques and give a reduction of Theorem 1 to the uniform embedding of a certain sequence of large girth subgroups endowed with particular metrics. This is Theorem 2. We finish Theorem 1 proof in Subsection 4.2 which is dedicated to the study of this large girth sequence. In this subsection we introduce direct limit formalism for sequence of groups and approximate our sequence (cf. Proposition 11) with another natural metric structure on which we have a better grasp.
Let A, B be two discrete countable groups and G = A ⋆ B their free product. We can associate to G a tree, called Bass-Serre tree [18] , T given by:
with the endpoint maps, the projections G → G/A and G → G/B. The action of G on its cosets is combinatorial with respect to T (i.e it respects the adjacency) and defines an isometric action on T which has two orbits and stabilizers equal to a conjugate of A or B depending on the family of cosets we consider. We can deduce from this a simple criterion to characterize normal subgroups of G which act freely on the Bass-Serre tree T : a normal subgroup H G acts freely on T if and only if H has trivial intersection with A and B.
The following lemma is a normal form type result on quotients of a free product: 
Moreover, since π| A (respectively, π| B ) has trivial kernel by construction, A and B are subgroups of Q. In particular, if Q is finite then A and B are finite. The normal subgroup F = ker(π) of G = A ⋆ B does not intersect A and B. So F acts freely on the Bass-Serre tree T of G and this implies that F is a free group [18] . Moreover if Q is finite the action of F on T is cocompact. Since T has bounded geometry (the geometry of T is controlled by the cardinality of A and B which are finite), these two facts imply that F has finite rank [18] .
Let Y be a graph. It is well known that any maximal tree subgraph of Y contains every vertices of Y . Given a group G which acts simplicialy on X, a tree representation of X/G is a connected subgraph X * of X which is mapped isomorphically by the projection to a maximal tree subgraph of X/G. Note that such a representation always exists. Proof. An orientation on the Bass-Serre tree T of G which is preserved by the action corresponds to a choice of an orientation of the quotient G\T . In our case there is only two choices and we assume here that oriented edges on T goes from B-cosets to A-cosets. The subgroup D is normal and does not intersect A and B, it follows that D acts freely on the tree T and so is a free group [18] . Let T ′ = D\T be the quotient T by the action of D, then T ′ is a complete bipartite graph given by:
with endpoint maps given by the quotient maps on, respectively, A and B.
In particular a tree representation of T ′ is given by the subtree T r of T with:
r be the set of vertices of T \ T r which are target of a edge with source a vertices of T r . Then the set B = {g
; a ∈ A, b ∈ B} forms a basis of the free group D (this geometric criterion can be found Section 3 [18] ). It appears that the rank of D is finite when A and B are finite.
Since G acts isometrically, to prove the last part of the proposition it is enough to prove the following inequalities:
with g ∈ D. These will imply that f : D → T with f (g) = g.A is a (4, 1)-quasiembedding but T ′ has diameter equal to 2, in other words, f (G) is 2-dense and by consequence defines a (4, 1)-quasi-isometry.
Since d T (s.A, A) = 4 for any s ∈ S = B ∪ B −1 , given g = s 0 . . . s n ∈ D a reduced word with s i ∈ S and n ≥ 1, we have :
This prove the left side of the inequalities (8) 
Let us consider A, B two discrete countable groups as above and A, B two quotients of respectively A and B. Let G = A ⋆ B (respectively, G = A ⋆ B) their free product. We have the following commutative diagram:
Note that, the basis B of D described in Proposition 7 is sent to the basis B ′ of D ′ defined analogously by the quotient map.
In the rest of the text we will talk about commutator subgroups to designate kernel's of type D (·) .
Let Γ be a residually finite group. Recall that a sequence of finite quotients of Γ is called faithful if any non-trivial element g ∈ Γ acts non-trivially by left translation on all but a finite number of these quotients. Now, if we assume A and B residually finite, it is well know that their free product G = A ⋆ B is residually finite [4] (the construction described in that paper is recall and used in the next section). Here we propose another construction. Let (A n ) n and (B n ) n be two faithful sequence of finite quotients of respectively A and B. We denote G n = A n ⋆ B n and D n the commutator subgroup of G n which has finite rank since A n and B n are finite as explained above. Let (M (n,k) ) k be a sequence of finite index characteristic subgroups of D n , i.e M (n,k) is normalized by each automorphism of D n . Moreover we assume that the subgroups (M (n,k) ) k have trivial intersection and that M (n,k+1) is a proper characteristic subgroup of M (n,k) . For example we can take M (n,k+1) = {w s | w ∈ M (n,k) } ∪ {[w, w ′ ] | w, w ′ ∈ M (n,k) } with s ≥ 2 fixed integer. Since D n has finite rank it is not hard to see that M (n,k) has finite index in D n and Proposition 3.3 of [14] ensures that the intersection is trivial.
Proposition 8. The sequence of finite quotients
Proof. Let E be a finite symmetric set of G with e ∈ E. Let E ′ = E (2) = {x.y | x, y ∈ E} ⊂ G and E A ⊂ A (respectively, E B ⊂ B) be the set of letters in A (respectively, B) which appears in the normal form of the elements of E ′ . Since E is supposed to be finite, E ′ , E A and E B are finite. In the other hand A and B are supposed to be residually finite so there exists N 0 such that E A (respectively, E B ) is sent bijectively into A n (respectively, B n ) for any n ≥ N 0 , in particular E ′ is sent bijectively into
where B (respectively, B n ) denote the basis of Proposition 7 and d ( * ) the word distance associated. Since the sequence (M (n,k) ) k is such that M (n,k+1) is proper and characteristic inside of M (n,k) Proposition 3.2 of [14] ensures that d Bn (M (n,k) , e) ≥ k in D n . So we have that for any k ≥ n ≥ max{N 0 , d B (e, D ∩ E ′ ) + 1} each elements of E ′ are sent non-trivially into the finite quotients G n /M (n,k) . Assume there exist x, y ∈ E, x = y with same image into G n /M (n,k) , then x.y −1 ∈ E ′ with x.y −1 = e is sent trivially into G n /M (n,k) which is a contradiction. So E is sent
In order to prove Theorem 1 with a sequence of the above type it seems that we must find suitable (A n ) n , (B n ) n and (M (n,k) ) k 's. As it is explained in the next subsection, if we assume A and B amenable the choice of (A n ) n and (B n ) n is not matter.
Geometry of metric spaces and gluing techniques
In this subsection we develop gluing techniques that allow us, under the assumption that A and B are amenable, to reduce the uniform embedding of the sequence (G n /M (n,k) ) n,k≥n introduced above to that of the large girth sequence of subgroups (D n /M (n,k) ) n,k≥n endowed with the restricted metric structure.
Let us first introduce a variant of property (A) that fits better with our purpose: Definition 11. A sequence X = (X n ) n of metric spaces is equi-exact or uniformly exact if for any R > 0, ε > 0 and n ≥ 0, there exists a partition of unity (ϕ (n,i) ) i∈In of X n subordinated to a cover U n = (U (n,i) ) i∈In , i.e. {ϕ (n,i) = 0} ⊂ U (n,i) , such that:
(1) for any n ≥ 1 and x, y ∈ X n , d Xn (x, y) ≤ R implies i∈In |ϕ (n,i) (x) −ϕ (n,i) (y)| ≤ ε.
(2) the cover U = {U n } n of X is uniformly bounded, i.e there exists C > 0 such that diam(U (n,i) ) ≤ C for any n ≥ 0 and i ∈ I n . Lemma 4. Let G be a discrete residually finite group, ℓ a proper length on G and N = (N n ) n a sequence of finite index normal subgroups with trivial intersection. If G is amenable, then the sequence of metric spaces X = (X n ) n , where X n = G/N n is endowed with the quotient metric induced by ℓ, forms a equi-exact sequence.
Proof. Since G is amenable by proposition 11.39 [16] N G has property (A). Let R > 0, ε > 0 be given. Let ξ = (ξ i ) i∈I : N G → ℓ 2 (I) with M > 0 as in Definition 2. Define ϕ (n,i) :
2 and U (n,i) = {ϕ (n,i) = 0}. Since supp(ξ(x)) ⊂ B(x, M), U (n,i) ⊂ B(x, M) and then {{U (n,i) } i∈In } n forms an uniformly bounded cover of X . Moreover i∈In ϕ (n,i) (x) = ξ(x) 2 = 1 and for any x, y ∈ X n such that
Proposition 9. Let X = (X n ) n be a sequence of metric spaces. Assume that for any R > 0, ε > 0 and n ≥ 1, there exists a partition of unity (ϕ (n,i) ) i∈In of X n such that:
(2) the cover U = {U (n,i) } n,i∈In with U (n,i) = {ϕ (n,i) = 0} of X is uniformly embeddable into a Hilbert space.
Then X is uniformly embeddable.
Proof. We prove that X verifies the criterion (3) of Lemma 2. Let's fix R > 0, ε > 0 and consider (ϕ (n,i) ) i∈In as above. Since U is uniformly embeddable, U(R) = {U (n,i) (R)} n,i∈In is also embeddable (these two families are uniformly quasi-isometric). So we can find ξ (n,i) : U (n,i) (R) → H (n,i) as in Lemma 2 characterization (3) for the constants R > 0 and ε > 0. Let's define ϕ n : X n → i∈In H (n,i) by the formula ϕ n (x) = (ϕ (n,i) (x) 1/2 ξ (n,i) (x)) i∈In . It is immediate from the construction that ϕ n (x) = 1 for any x ∈ X n . Let x, y ∈ X n with d Xn (x, y) ≤ R, there exists i ∈ I n such that x ∈ U n i and so x, y ∈ U (n,i) (R). In particular ξ n i (x) − ξ n i (y) ≤ ε. It follows:
In other words, for any x, y ∈ X n , d Xn (x, y) ≤ R implies ϕ n (x) − ϕ n (y) ≤ ε ′ = ε+ε 1/2 . The second part to verify is a simple consequence of the following inequalities:
. Let X = (X n ) n be a sequence of metric spaces. Suppose for any R > 0, ε > 0 and n ∈ N, there exists a partition of the unity (ϕ (n,i) ) i∈In of X n such that:
(2) the family U = {U (n,i) } n,i∈In with U (n,i) = {ϕ (n,i) = 0} is equi-exact.
Then X is equi-exact.
Proof. Let R > 0, ε > 0 be given. Let (ϕ (n,i) ) n,i∈In be the maps subordinated to U = {U (n,i) } n,i∈In as in the statement. Since U is equi-exact so is U(R) = {U (n,i) (R)} n,i∈In . In particular we can find ψ (n,i,j) : X n → R + subordinated to V (n,i,j) ⊂ U (n,i) (R) with j ∈ J (n,i) such that for any x, y ∈ U (n,i) (R) with d Xn (x, y) ≤ R, j∈J (n,i) |ψ (n,i,j) (x) − ψ (n,i,j) (y)| ≤ ε and V = {V (n,i,j) } n,i∈In,j∈J (n,i) is uniformly bounded. Let's define the partition of the unity of X n , η (n,i,j) = ϕ (n,i) ψ (n,i,j) subordinated to V. Moreover, i∈In,j∈J (n,i)
Moreover for any x, y ∈ X n with d Xn (x, y) ≤ R we know that: i∈In |ϕ (n,i) (x) − ϕ (n,i) (y)| ≤ ε. Combining these two estimations we have: i∈In,j∈J (n,i) |η (n,i,j) (x) − η (n,i,j) (y)| ≤ 2ε as desired.
Corollary 3. Let X = (X n ) n and Y = (Y n ) n be two sequences of metric spaces and F = (F n : X n → Y n ) n a sequence of contractive maps. Assume that Y is equi-exact and for any uniformly bounded cover U = {{U (n,i) } i∈In } n of Y, i.e {U (n,i) } i∈In is a partition of Y n and sup n,i∈In diam(U (n,i) ) < +∞, the cover
is uniformly embeddable (respectively, equi-exact). Then the family X is uniformly embeddable (respectively, equi-exact).
Proof. Let R > 0, ε > 0 be two positive constants. Since Y is an equi-exact sequence, we can find an uniformly bounded cover U of Y and a subordinated partition of unity {(ϕ (n,i) ) i∈In } n which satisfies Definition 11 with respect to the constants R and ε. Then {(ϕ n i • F n ) i∈In } n is a partition of unity on the sequence X subordinated to F −1 (U) which is uniformly embeddable (respectively, equi-exact) by assumption. Proposition 9 (respectively, Proposition 10) can be applied. n (B(y n , R))) n ⊂ X is uniformly embeddable (respectively, equi-exact) then X is uniformly embeddable (respectively, equi-exact).
Proof. Let R > 0, ε > 0 be two positive constants. Since Y is an equi-exact sequence, we can find an uniformly bounded cover U of Y and a subordinated partition of unity {(ϕ (n,i) ) i∈In } n which satisfies Definition 11 with respect to the constants R and ε. Let y n ∈ X n as in the statement. Since the actions of G are uniformly cobounded, we can find a sequence of subspaces B n ⊂ Y n such that y n ∈ B n , every orbit of the G-action on Y n intersects B n and (B n ) n is a uniformly bounded sequence of metric spaces. Let R 0 = sup i,n diam(U n i ) + sup n diam(B n ) < +∞, we claim that for any n ∈ N and i ∈ I n , there exists g 
n (B(y n , R 0 )) which is uniformly embeddable in n (respectively, equi-exact). So Corollary 3 can be applied Now we can formulate our reduction result discussed at the beginning of this subsection: Let A, B be two discrete residually finite groups and (A n ) n , (B n ) n two faithful sequence of finite quotients of respectively A and B. Let's denote G = A ⋆ B, G n = A n ⋆ B n their free products and D G, D n G n the free commutator subgroups associated. Let (M (n,k) ) k be sequence of finite index characteristic subgroups of D n with trivial intersection (we need a bit less assumptions here because we do not require faithfulness of the sequence of quotients). Assume A and B are amenable and fix a proper length function ℓ on G.
Theorem 2. If the sequence of metric spaces
is endowed with the restriction of the quotient length on G n /M (n,k) induced by ℓ, embeds uniformly into a Hilbert space, then (G n /M (n,k) ) n,k≥n embeds uniformly.
Proof. Any free product Γ = Γ 1 ⋆ Γ 2 is a subgroup of (Γ 1 × Γ 2 ) ⋆ Z/2. Indeed, let u be the generator of Z/2, then the homomorphism f : Γ → (Γ 1 × Γ 2 ) ⋆ Z/2 which sends g 1 ∈ Γ 1 → g 1 and g 2 ∈ Γ 2 → u.g 2 .u is a realization. Moreover, if we assume Γ 1 and Γ 2 amenable, stability of amenability by direct product ensures that Γ 1 × Γ 2 is amenable [6] and heredity on box space uniform embedding (cf Proposition 6) allows us to assume B = Z/2.
We have the following exact sequence:
G acts on both X n and Y n transitively which ensures the action to be uniformly cobounded and the projections π n : X n → Y n are G-equivariant contractions. Since A×Z/2 is amenable, Lemma 4 ensures that the sequence Y is equi-exact with respect to any proper length function on A × Z/2.
n (B Yn (e, R)), so the uniform embeddability of U(R) = (π −1 n (B(e, R))) n follows by our assumption on (D n /M (n,k) ) n,k≥n . Corollary 4 can apply.
Coarse metric approximation and free product
The purpose of this subsection is the conditions under which the sequence of metric groups (D n /M (n,k) ) n,k≥n , discussed previously, endowed with a free product metric (cf. Theorem 2 statement) embeds uniformly into a Hilbert space. It appears that even if the sequences X = ((D n /M (n,k) , ℓ)) n,k≥n , where ℓ is the quotient metric induces by a fixed length on G, and X Comb = ((D n /M (n,k) , ℓ Comb,B ) n,k≥n , where ℓ Comb,B is the quotient metric induced by the word metric on B of D, are not coarsely equivalent (cf. remark 1). We can locally approximate X by X Comb , in a particular sense, and be able to conclude on the uniform embedding of X from the uniform embedding of X Comb .
We first need an analogue of the stability by direct limit of the uniform embedding of box spaces. Let (G, ℓ) be a discrete group endowed with a proper length ℓ. Recall that a sequence of subgroups (H τ ) τ of G converges to (G, ℓ) if for all R > 0, there exists T > 0 such that B(e, R) ⊂ H τ for all τ ≥ T . Given a sequence of normal subgroups N = (N n ) n on (G, ℓ), we can associate to (H τ ) τ a sequence of metric subspaces of X = ⊔ N ∈N G/N by considering X τ = ⊔ N ∈N π N (H τ ) ⊂ X where π N : G → G/N is the quotient map. This sequence play a role analogue as in the group setting. In particular uniform embedding is stable by direct limit through these type of sequences as the following proposition shows. (ii) for all ε
A direct computation shows that these maps verify :
But if d n (x, y) ≤ R, by our assumption this imply x −1 y ∈ B n (e, R) ⊂ H τ n and consequently x ∼ y. So according to the above observation d n (x, y) = d n (x ′ , y ′ ) ≤ R and then we have:
In a similar way:
Let ε ′ > 0 be a positive constant and
Indeed, if x ≁ y there is nothing to do, otherwise, using the observation we have that
This result combined with Lemma 2 prove the Proposition 11.
Let's get back to free product. As usual A and B are two discrete finitely generated groups, G = A ⋆ B denote their free product and D G is the commutator subgroup of G. Given two sequences of quotients of A and B denoted respectively (A n ) n and (B n ) n , as before, we define a quotient sequence of G by taking G n = A n ⋆ B n and denote π n : G → G n the quotient maps associated. We define D τ , with τ > 0, the free subgroup of D with basis Proposition 7) . H τ acts isometrically by left translation on (π n (H τ ), ℓ) where ℓ is the quotient length associated to a proper length ℓ on G.
Lemma 5. Let ℓ be a proper length function on G.
We endow D τ with the word metric, ℓ Comb,Bτ , associated to the basis B τ . For all τ > 0, there exist a rank N ≥ 0 and a pair of constants (C, λ) which depends only on τ such that the quotient maps
Proof. Any proper metric on a discrete countable group are equivalent, we may assume ℓ is a word metric associated to the union of two finite generating sets of respectively A and B. Since the sequence of quotients (G n ) n is faithful, there exists a rank N ≥ 0 such that B (2) τ = {x.y −1 | x, y ∈ B τ } is sent bijectively inside of D n for n ≥ N. Because of the freeness of the set π n (B) ⊂ G n we have that ℓ Comb,πn(B) (g) = ℓ Comb,Bτ (g) for all g ∈ D τ and n ≥ N where ℓ Comb,πn(B) is the word distance associated to π n (B) ⊂ G n and g = π n (g). Let T n be the Bass-Serre tree of G n and d n its graph metric. Then d n (g.A n , A n ) ≤ ℓ(g) for all g ∈ G n and by the inequality (8) of Proposition 7 we have:
∈ B τ and n = ℓ Comb,Bτ (g) in an unique way, so :
We just proved that:
for any g ∈ D τ , with quasi-isometry constants which depend only on τ .
Remark 1. It is interesting to note that the dilatation on all
. This justifies what we discussed at the beginning of this subsection and our approach.
Corollary 5. Let X τ be the coarse disjoint union of the sequence of metric spaces ((π n (D τ )/M (n,k) , ℓ)) n,k≥n where ℓ is the quotient metric induces by a fixed proper length ℓ on G. Then X τ is quasi-isometric to coarse disjoint union X τ,Comb of the sequence ((π n (D τ )/M (n,k) , ℓ Comb,Bτ )) n,k≥n where ℓ Comb,Bτ is the quotient length associated to the word distance on B τ . In particular the uniform embedding of X τ reduces to the uniform embedding of X τ,Comb .
Proof. This is a direct consequence of Lemma 5 and Proposition 5.
Since the commutator subgroups D n G n = A n ⋆ B n are finite rank free groups and , for n large enough, the restriction of the quotient length associated to the word distance on B of D, ℓ Comb,B , to D τ is nothing but the word distance on the basis B τ . The following proposition ensures the existence of a suitable sequence of finite index normal subgroups (M (n,k) ) (n,k) such that the X τ,Comb uniformly embed. This concludes the proof of Theorem 1.
Proposition 12. For all free group F ω of finite rank ω ∈ N endowed with a word metric on a basis, there exists a sequence of finite index characteristic subgroups of F ω with trivial intersection N ω = (N (ω,k) ) k with N (ω,k+1) characteristic into N (ω,k) such that the sequence (F ω /N (ω,k) ) ω,k≥ω embeds uniformly into Hilbert space.
Indeed, for all n, there exists N n = (N n,k ) k such that X Comb = ⊔ n,k≥n D n /N n,k embeds into Hilbert space. Since X τ,Comb ⊂ X Comb for all τ > 0, the Proposition 11 concludes the proof of Theorem 1.
Let us prove the Proposition 12:
Proof. Let us recall that a characteristic subgroup N of a group G is a normal subgroup stable by all automorphisms of G. Let F ω be a free group of finite rank ω ∈ N, following [2] idea on the existence of a free group box space which coarsely embeds, we consider the sequence of characteristic subgroups (N k ) k of F ω , define recursively by the formula
Since N k+1 is a finite index subgroup of N k as far as the rank of N k is finite, by induction we deduce that these groups has finite index in F ω . Moreover Levi theorem (cf [14] ) justifies that this sequence has trivial intersection. The AGS [2] embedding result rests on a construction of a pseudo-metric d W,k on X ω k = F ω /N k associated to a wall structure which agrees with the combinatorial metric d ω k at the scale of girth(X ω k ). Note that such a pseudo-metric always corresponds to a Hilbert metric [16] . In details, on any finite quotient X for any x, y ∈ X ω k . Furthermore, if one of the above inequalities hold, then
So to prove our proposition a sufficient condition is to prove that girth(X ω k ) grows uniformly on the rank ω, i.e there exists a proper function f : N → N such that girth(X ω k ) ≥ f (k) for all ω ≥ 1 and k ≥ ω. Indeed, take in account the relations between d ω W and d ω described above, we just need to prove the existence of a proper function ρ − : R + → R + such that:
for any ω, k ≥ ω and x, y ∈ X ω k . We must prove that ρ(t) = inf {(x,y);dω (x,y)≥t} d ω W,k (x, y) is proper, i.e for any R > 0,
′ as required. Now the existence of f follows from the fact that the sequence (N (ω,k) ) k is characteristic and N (ω,k+1) contains no basis element of N (ω,k) . Indeed, automorphisms act transitively on basis, so by contradiction this will implies that N (ω,k+1) = N (ω,k) which is absurd because the sequence is defined recursively and has trivial intersection. Proposition 3.2 [14] ensures that relatively to any basis of F ω , ℓ Comb,ω (g) ≥ k for any g ∈ N ω k and so Girth(X ω k ) ≥ k.
Further on finite quotients of free products
In this section the groups A and B we consider are supposed to be finitely generated. We start this section by presenting another construction of finite quotients of a free product due to Baumslag [4] that is extensively use here. First, assume A and B are two finite groups and G = A ⋆ B their free product. Let U(k) ⊂ G be the set of words with normal form: g l . . . g 1 with l ≤ k. For k ≥ 2, U(k) decomposes as follows: 
. This gives two symmetric representations σ A (k) : A → Sym(U(k)) and σ B (k) : B → Sym(U(k)) and by the universal property of free product we obtain:
. Because A and B are finite U(k) is also finite, in particular N k = ker(σ(k)) has finite index in G.
Remark 2. The sequence of finite index normal subgroups (N k ) k has trivial intersection. Indeed, let g = g n 0 . . . g 1 be the reduced form of g ∈ G with g = e. Then σ(k)(g)(e) = g = e for any n ≥ n 0 . Now assume A and B are both residually finite groups. Let (A n ) n and (B n ) n be two faithful sequence of finite quotients of respectively A and B. Let's denote G n = A n ⋆ B n and σ n (k) : G n → Sym(U n (k)) the representation built previously applied to the free product of finite groups G n . Then the subgroups N (n,k) = ker(σ n (k) • π n ) of G where π n : G → G n is the quotient map, form a sequence of finite index normal subgroups with trivial intersection.
Free product box spaces and expansion property
Here we study expansion property of the sequence (G/N (n,k) ) n,k≥n .
Let X = (V, E) be a finite graph and A ⊂ V a subset of vertices. The edge boundary ∂A ⊂ E of A is the set of edges which relate an element A to one of V \ A. A sequence of finite graphs (X n ) n is called expander if there exists c > 0 such that h(X n ) ≥ c for any n.
Let G be a group which acts on a set Z and S a generating set of G. We call Schreir graph and denote it X S (Z) the graph defined by: V (X S (Z)) = Z and (z, z ′ ) ∈ E(X S (Z)) if z ′ = s.z with s ∈ S. Given a sequence of finite quotients (Q n ) n of G, we construct a sequence of Schreir graphs X S (Q n ). Expansion of (X S (Q n )) n does not depends on S and we say that (Q n ) n is expander if such a S exists.
Proposition 3 is a consequence of the following:
Proposition 13. Let A and B be two residually finite groups and G = A ⋆ B their free product. The faithful sequence of finite quotients (G n /N n,k ) (n,k≥n) of G is nonexpander.
In particular we cannot expect a free product with property (τ ) (cf [13] ).
In order to prove Proposition we need a intermediate result.
Lemma 6. Let G be a finite group, S a symmetric generating set of G and
Proof. Let X ⊂ G be a subset. Then |X.H| = |X|.|H| if and only if the multiplication map X × H → G is bijective and this is equivalent to say that (X −1 .X) ∩ H = {e}. Now let Y ⊂ G/H, there exists X ⊂ G which is sent bijectively to Y by the projection . Observe that for a edge e = {xh, sxh} ∈ E(X.H, G \ (X.H)) between a element of X.H and G \ (X.H), the edges e.h ′ = {xhh ′ , sxhh ′ } with h ′ ∈ H are distincts and still belong to E(X.H, G \ (X.H)). Furthermore they represent the fiber of the edge e = {x, s.x} ∈ E(Y, (G/H) \ Y ). It follows that |∂X.H| = |∂Y |.|H|. Finally the equality |X.H| = |X|.|H| implies inequality 11.
Lemma 6 reduces Proposition to the study of the expansion property of Schreir graphs (X S (U n (k))) n,k≥n . Indeed, U n (k) ≃ G/N (n,k) /St(e) where St(e) is the stabilizer of e ∈ U n (k) . Proposition 14. The sequence of finite homogenous graphs (X S (U n (k))) n,k≥n is nonexpander.
Proof. We take the Schreir graph structure associated to the finite generating S = S A ∪ S B of G with S A and S B two finite generating sets of respectively A and B.
) the set of words with reduced form g k . . . g 1 with k ≤ n and g 1 ∈ A n (respectively, g 1 ∈ B n ). Given w ∈ U n (k) with w = e, w belongs to
⌊n/2⌋ (|B n | − 1) ⌊n/2⌋ which implies:
when n or k goes to infinity and similar holds for P B n (k). Since the sets P , so h(U n (k)) → 0 whenever k or n go to infinity.
Free product symmetric representations and uniform embedding.
Let G be a group, we call irreducible symmetric representation of G an action of type: G G/N with N ≤ G a finite index subgroup of G. This denomination comes from the fact that these actions give symmetric representations: G → Sym(G/N) and any transitive action on a finite set are obtained this way. A sequence of irreducible symmetric representations will be for us a sequence of finite index subgroups, non-necessarily normal, in G. Moreover, we say that it is faithful if these subgroups has trivial intersection. Given such a representation N ≤ G and a generating set S of G. We denote the Schreir graph X S (G/N) associated to N and S simply by X S (N). Proposition 1. Let A and B be two finitely generated residually finite groups, G = A ⋆ B their free product and S ⊂ G a finite generating set of G. Assume A and B admit respectively an embeddable box space. Then there exists a faithful sequence of irreducible symmetric representation (N n ) n of G such that ⊔ n (X S (N n )) n embeds into a Hilbert space.
By using irreducible symmetric representation we relaxed the assumption that the subgroups we consider are normal but these notion still keep track of certain properties as properties (τ ) [13] and (A). More precisely we can still prove that property (T) (respectively, amenability) implies property (τ ) (respectively, property (A)). In a other hand we lose on the approximation properties correspondance: Proposition 2. There exists a faithful sequence of irreducible symmetric representation (N n ) n of F 2 , such that ⊔ n F 2 /N n has property (A).
These two Proposition's are actually consequences of the following theorem: Let A and B be two discrete finitely generated residually finite groups. Let's denote (A n ) n and (B n ) n two faithful sequences of finite quotients of respectively A and B and G n = A n ⋆ B n their free products.
Theorem 3. If ⊔ n A n and ⊔ n B n embed into Hilbert space (respectively, has property (A)), then ⊔ n G n embeds into a Hilbert space (respectively, has property (A)).
Let S = S A ∪ S B ⊂ G be a finite generating set of G built by the union of a generating set of A and B. By considering Baumslag construction, then U n (k) ≃ G/St(e), with the Schreir graph structure induced by S, embeds isometrically in (G n , S) and is our needed sequence of symmetric representation. Proof. Let's fix x T ∈ T on any T ∈ T and denote (x|y
Recall that trees are 0-hyperbolic space and so satisfy the following hyperbolic condition:
for any x, y, z ∈ T . In particular given any positive constant L ≥ 0, the relation x ∼ y if (x|y) T ≥ L is an equivalence relation on T ≥L = {x ∈ T | |x| T ≥ L}. Let L > 0 be a positive constant and A T,L,k = {x ∈ T | kL ≤ |x| T ≤ k(L + 1)} an annulus of T ≥L . The relation on A T,L,k ⊂ T ≥L : x ∼ y if (x|y) T ≥ L(k − 1/2) is an equivalence relation on A T,L,k . Moreover, x ∼ y implies d T (x, y) ≤ 3L and x ≁ y implies d T (x, y) ≥ L. This induces a partition A T,L,k = ∪ i∈I T,L,k C T,L,k,i such that d T (C T,L,k,i , C T,K,k ′ ,i ) ≥ L whenever k = k ′ and diam(C T,K,k,i ) ≤ 3L. Using that decomposition we construct the covering U = U 1 ∪U 2 with U 1 = {C T,L,2k,i | k ≥ 0, i ∈ I T,L,2k } and U 2 = {C T,L,2k+1,i | k ≥ 0, i ∈ I T,L,2k+1 } of T with the property that U i forms a L-separated, i.e for any C, C ′ ∈ U i , d(C, C ′ ) ≥ L, 3L-uniformly bounded family with i = 1, 2. Let W = W 1 ∪ W 2 with W i = U i (L/2) = {C(L/2) | C ∈ U i } which is the covering obtained by taking the L/2-neighborhood of each element of U. Since at most two elements of U intersect a ball of radius L/2, at most two elements of W contain a given point. Moreover any ball of radius L/2 are contained in an element of W. This fact will be use later for estimation. Let's define φ T,L : T → ℓ 1 (∪ k∈N I T,L,k ) by the formula
for any x ∈ T and i ∈ I T,L,k . Then for k ∈ N and i ∈ I T,L,k , φ T,L (.)(i) is supported in W T,L,k,i which has diameter lower or equal to 4L and so forms a uniformly bounded supported partition of the unity. Moreover:
It follows that:
This does not depend on the tree T we consider. By taking L > 0 large enough we can check the Definition 11.
Proposition 16. Let (X n ) n be a sequence of metric spaces with an uniformly embeddable (respectively, equi-exact) cover U = {U n } n . Assume for any L > 0 and n ≥ 1, there exists Z n ⊂ X n a subspace of X n such that (Z n ) n is an embeddable sequence and {U \ Z n | U ∈ U n } is L-separated in X n for any n. Then (X n ) n is uniformly embeddable (respectively, equi-exact).
Proof. Let L > 0 be a positive constant and Z n ⊂ X n as in the statement. Then W = W 1 ∪ W 2 with W 1 = {Z n (L/2)} and W 2 = {(U \ Z n )(L/2) | U ∈ U n } is a cover such that at most two elements of W contain a same element of X n and any ball of radius L/2 is contained in a element of W. As in the proof of Proposition 15 we can build a O(L −1 )-lipschitz partition of unity subordinated to W and apply Proposition 9 (respectively, Proposition 10) to conclude.
We present a brief introduction to tree of metric spaces formalism (cf. [9] ) that we use to prove Theorem 3. Let T = (V, E) be an oriented (this is for relieve on notations) connected tree.
A tree of metric spaces on T is given by a family of metric spaces X = {(X v , d v )} v∈V and a map f : E → ∪ v,v ′ |(v,v ′ )∈E X v × X v ′ such that f (e) ∈ X s(e) × X t(e) . The total space X associated to (X , f ) is a metric space defined by X = ⊔ v∈V X v and a metric d X obtained as follows: Let's consider the subset D = (∪ v∈V X v ×X v )∪f (E) of X ×X. Then D defines a ample domain, i.e for any pair of elements x, y ∈ X, there exists a path x 1 = x, . . . , x n = y such that (x i , x i+1 ) ∈ D for any 1 ≤ i ≤ n − 1. The metric d X is defined as the unique enveloping metric of the partial metric d : D → R + given by the formulas d| Xv×Xv = d v and d • f (e) = 1 for any e ∈ E (cf [9] ). Now, given a free product G = A ⋆ B endowed with a proper left invariant metric d and its Bass-Serre tree T = (G/A ∪ G/B, G). We associate a tree of metric spaces by taking X gA = (gA, d| gA ) and X gB = (gB, d| gB ) and f : G → G/A × G/B with f (g) = (gA, gB). G acts on the total spaces X (G,d) by the formula g ′ .(ga) = gg ′ a ∈ X g ′ gA with g ′ ∈ G and ga ∈ X gA and similarly on G/B. Moreover this action is isometric, free and has two orbits. The formula for the distance on X (G,d) given in Proposition (5.5) of [9] implies the existence of a pair of positive constants (C, λ) such that any free product (G, d) of finitely generated groups endowed with a proper left invariant metric d is (C, λ)-quasi-isometric to X (G,d) . In other words it is equivalent to prove Theorem 2 for (G n ) n or (X (Gn,dn) ) n (cf. Proposition 5).
We can prove Theorem 3.
Proof. Let G n as in the statement, T n its Bass-Serre tree and X n its tree of metric spaces. The sequence (G n ) n are uniformly quasi-isometric to X = (X n ) n , so the proof reduce to show that X embeds uniformly (respectively, has (A)) if (A n ) n and (B n ) n embed (respectively, has (A)). The actions of G n on T n are uniformly cobounded and Proposition 15 ensures that T = (T n ) n forms an equi-exact sequence. Moreover p n : X n → T n is a sequence of G n -equivariant contractions (this is justified by Proposition 5.5 of [9] ). To apply Corollary 4, we must prove that p −1 n (B(A n , r)) ⊂ X n (here A n ∈ V (T n )) embeds uniformly into a Hilbert space (respectively, has (A)) for any r ≥ 0. Let's do this by induction on r. For r = 0, p −1 n (A n ) = X An which is isometric to A n for any n and is an embeddable sequence (respectively, equi-exact sequence) by assumption. Assume now r ≥ 1, if we denote C n (r) = p −1 n (B(A n , r)), we have the following decomposition:
C n (r) = C n (r − 1) ∪ v∈Tn|d Tn (An,v)=r
Let L > 0 be positive constant and Y v ⊂ X v be the subspace of X v forms by elements at distance at most L/2 from C n (r − 1) for v ∈ T n . Then C ′ n (r − 1) = C n (r − 1) ∪ v∈Tn|d Tn (An,v)=r Y v is quasi-isometric to C n (r − 1) and by induction hypothesis forms an embeddable (respectively, equi-exact) sequence. In the other hand C n (r) \ C ′ n (r − 1) = v∈Tn|d Tn (An,v)=r X v \ Y v is L-separated in C n (r) and Proposition 16 implies that (C n (r)) n embeds uniformly (respectively, is equi-exact). We can apply Corollary 4 to conclude.
